The well-known Caputo fractional derivative and the corresponding Caputo fractional integral occur naturally in many equations that model physical phenomena under inhomogeneous media. The relationship between the two fractional terms can be readily obtained by applying the Laplace transform to a given equation. We seek to numerically approximate Caputo fractional integrals using a Taylor series expansion for convolution integrals. This naturally extends into being able to approximate convolution integrals for a wider class of convolution integral kernels K(t − s). One of the main advantages under this approach is the ability to numerically approximate weakly singular kernels, which fail to converge under traditional quadrature methods. We provide stability and convergence analysis for these composite quadratures, which offer optimal convergence for approximating functions in C γ [0, T ], where α ≤ γ ≤ 5 and 0 < α < 1. For the order γ = 1, 2, 3, 4, 5 scheme, the resulting approximation is O(τ γ ) accurate, where τ is the size of the partition of the time domain. By instead utilizing a fractional Taylor series expansion, we are able to obtain for γ ∈ (0, 5) − {1, 2, 3, 4} order scheme, which yields an approximation of O(τ γ ) with a constant dependent on the kernel function which improves the order of convergence. This allows for a far wider class of functions to be approximated, and by strengthening the regularity assumption, we are able to obtain more accurate results. General convolution integrals exhibit these results up to γ = 2 without the assumption of K being decreasing. Finally, some numerical examples are presented, which validate our findings.
Introduction
We begin by defining the Caputo fractional time-derivative [9, 10] of a given function f (t) as
which is a fractional derivative of order α. In [2] , the use of the Laplace transform was applied to a Caputo fractional derivative term to obtain the fractional integral term
which was studied numerically and convergent schemes were developed for this integral inspired by the works presented in [9] [10] [11] [12] [13] , [15] [16] . The integral (1) can be expressed as the convolution a α * f , where a α (t) = t α−1 . Our work will examine and derive numerical schemes to discretize integrals of the form (1) , which has numerous engineering and physics applications, see [11] , [12] and [16] . One of the major advantages of applying the Laplace Transform to a fractional derivative term, as seen in [2] , is the ability to preserve the same assumption of regularity as required for fractional derivative discretizations and recovering an extra O(τ α k ) order of accuracy, where τ k denotes the time step size. Further, we now have the ability to relax the regularity assumption from requiring the objective function f (t) ∈ C 2 [0, T ] under the usual L1-method to instead be any f (t) ∈ C γ [0, T ], where α ≤ γ ≤ 5 and 0 < α < 1. This is achieved by a usual Taylor series expansion to obtain convergence results for whole number values of γ, and by utilizing a fractional Taylor series expansion to approximate functions with a fractional order of regularity, see [15] . By requiring more regularity, we are able to obtain a higher order of convergence, as seen in Theorems 3.6 and 3.7. This method naturally generalizes to any convolution type-quadrature where the kernel function K is positive, decreasing, and satisfies K ∈ L 1 [0, T ], as seen in Theorems 3.4 and 3.5.
The remainder of the paper is organized as follows. Section 2 will provide discretizations for fractional integrals of the above form, and a general scheme is established for fractional integrals of other forms based on the integral kernel. We obtain general schemes of orders up to 5 th order of accuracy. Section 3 establishes all of the necessary consistency, stability, and convergence results for each of these schemes, in addition to a discussion of the implementation of the schemes. We prove optimal order of convergence of our stable schemes, where the order is at least 3. The instability of schemes of order 6 and above are presented as well. The main convergence results are featured in Theorems 3.4 through 3.6. Section 4 presents two fractional integral equations as numerical examples that validate our findings. Future works will consider the application of these methods to fractional order diffusion processes based on the validity of the schemes and the order of accuracy they can provide.
Discretized numerical schemes
In order to discretize the Caputo fractional integral (1), we must consider the Taylor expansion for a given function f (t) at the arbitrary point s ∈ [0, T ), the usual time interval over which the integral is considered. That is, the Taylor expansion centered at the point t k for
Define τ k = t k − t k−1 and let t 0 = 0 and t N = T such that {t k } N k=0 ∈ [0, T ]. From the above, similar Taylor expansions centered at any given t k can be constructed for each of the previous points
Thus, the j-th order approximation of f (s) for any s ∈ [0, T ) at the point t k ∈ [0, T ) requires we solve the linear system of equations:
Each of the terms f (t k−i ) are then replaced by their Taylor expansions about the point t k and then solved, after neglecting the higher order terms of O(τ j k ) and O((s − t k ) j ). For example, a second order approximation of f (s) is provided in [2] , Theorem 3.2, which can be recovered by solving the equation
. This equation can be rewritten as a system of equations
Which yields the solution c k
Therefore, we may numerically approximate the integral as seen in [2] using c k 0 and c k 1 as solved for above:
which recovers the equation that was studied in greater detail in [2] . We remark that under this construction, we satisfy the condition s ∈ [t k−1 , t k ]. This directly implies that the coefficients c 0 and c 1 presented above are positive. We now provide the values of the coefficients for each scheme up to 4th order accuracy. Higher order schemes can be derived using the generalized system of equations (8) and (9) . We remark that in general, c i = c i (s) for each i.
First order accurate:
Second order accurate:
Third order accurate:
Fourth order accurate:
We present the generalized equation to solve for a n-th order accurate approximation to f (s). The above equations may be rewritten by the matrix equation 
The first n × n matrix is, in fact, the transpose of the usual Vandermonde matrix [14] where each entry, other than the first row of ones, is a multiple of the time partition τ k . That is, we set x 1 = 0,
where V T τ k is the Vandermonde matrix with each x n expressed in terms of τ k as above, and
The following lemma asserts the existence of any general n-th order numerical scheme. Since we have
provided that τ k > 0 which directly implies that the matrix V T τ k is invertible under this condition. The following lemma is immediate from the above. We now compute the unique solution based on the previous lemma. From [14] , we can establish the generalized inverse of the Vandermonde matrix.
Theorem 2.2. Let τ k > 0. Then, (11) has a unique solution c k n for each n ≤ N ∈ N, with the solution
where y n = [y j ], 1 ≤ j ≤ n. Thus,
Remark 2.3. By utilizing the fractional Taylor series expansion instead for f (s) on [0, T ), as discussed in [15] , we may obtain similar results to those outlined in Theorem 2.2. This can further relax the
Using the fractional Taylor series expansion, we can assert that we have an α order scheme defined by the following: α order accurate:
We now examine the consistency, stability, and convergence of these schemes based on the generalized scheme
3. Numerical Consistency, Stability, and Convergence 3.1. Numerical Consistency and Stability. We motivate our discussion of stability by examining the results presented in [1] . The quadrature studied in [1] is of the form
which provides the error estimate given
We will directly compare these results to the ones established in the previous section to prove stability and assert convergence. Our goal is to decompose the integrand into a convolution integral φ(s) = K(t n − s)f (s), where we may relax the continuity assumptions on the kernel function K(t n − s). This goal is motivated in part from the results obtained in [2] , where we seek a generalization for the integral kernel. We begin by recalling some basic definitions for quadrature methods. From (1.15) of [1] , a quadrature method is said to be consistent if it satisfies N j=0 w j = N for the global quadrature of the integral (16) . We will relate (16) and a generalization of the results provided in [2] .
Then, for an order γ scheme, as described in Theorem 2.2, we have
Proof. By utilizing the taylor expansion for f (s) about the point t k , we may readily obtain a similar quadrature rule by using Theorem 2.2 and the definition of each c j (s) defined in (12) . By further remarking that
By letting
we arrive at the conclusion.
The following remark is a natural extension of the first lemma, which allows for direct comparison to prove stability using the Theorem 3.7 in [1] .
Remark 3.2. By expanding the series
and by collecting all of the repeating terms for each f (t k−j ), we may condense the double summation into a single summation term
where we note that w 0 0 = 0 to satisfy the previous lemma. Further, by defining for fixed γ > 0
We arrive at a form identical to the generalized quadrature rule posed in
Theorem 3.3. The approximation scheme (25) is consistent for any γ > 0, where γ is the order of approximation.
Proof. From the consistency requirement in [1] , we must show that the scheme (25) satisfies any time step
for any fixed γ. That is, we have from Remark 3.2
From (11) 
On the other hand, by relabelling the coefficients of (26) and by noting that
By equating (25) and (33), we have
Since each w n−k is arbitrary under this construction, we select w n−k to satisfy n k=0 w k = n. Thus, we have for the scheme (25)
hence the scheme (25) is consistent. For simplicity and for implementation, we take w k = 1 for each k to trivially satisfy these conditions since w 0 0 = w 0 = 0. We must further satisfy stability requirements in order to prove the convergence of these schemes for any order γ > 0. From [1] , we have the following theorem asserting stability under arbitrary quadrature rules:
is Schur, if |λτ | N k=0 |w k K(kτ )| < 1. Assuming each w k ≥ 0 and satisfy N k=0 w k = N, the recurrence for
We remark that under these results, we must simply satisfy the requirement that eachw γ k ≥ 0 in (25) to satisfy a similar stability criterion for this generalized quadrature. This leads immediately to two stability results: Proof. The case where γ = 1 is immediate since c k 0 = 1, hencew k 1 ≥ 0. For γ = 2, theñ
Using similar analysis we are able to come to the same conclusion for γ = α and γ = 1 + α, given 0 < α < 1. Therefore, when γ ∈ [1, 2], the scheme (25) is stable.
We require additional assumptions on the integral kernel K(s) to ensure that the scheme is stable in the case where the order of approximation to (25) is any order 2 < γ ≤ 5. Proof. We begin by showing thatw γ k ≥ 0 for each k = 1, 2, ..., n. That is, we use the relationship established in Remark 3.2. We will present the argument for the cases where γ = 3, 4, 5 and deduce the pattern from there. We remark that under the construction found in Theorem 2.2 that for j = 2, 4, 6, ...
Therefore, when γ = 3, we havẽ
Hence, when γ = 3, the scheme (25) is stable. When γ = 4, the argument is similar, but we must account for the extra positive term in w k+3
3
. That is, utilizing a similar argument in the case where γ = 3 for the first three terms,
, and since c k+3 2 (s) < 0 where s ∈ [t k+2 , t k+3 ] by translating over to the correct interval, so we require then −1 ≤ c k+3 2 (s) < 0, s ∈ [t k+2 , t k+3 ] to finish the proof. To satisfy the requirement, we find that the minimum attained on the interval s ∈ [t k+2 , t k+3 ] for the function c k+3 2 (s) is found at s = t k+3 + −4 + √ 7 3
τ k+3 by the Extreme Value Theorem and by evaluating the derivative of c k+3 2 (s) on the interval s ∈ [t k+2 , t k+3 ]. Hence, the minimum value for c k+3 2 (s) is
Since this minimum value is still greater than −1, this scheme is stable for any choice of τ k . Therefore, when γ = 4, the scheme satisfies the condition. We finally consider the case where γ = 5. In this case, we have a similar argument to the case where γ = 4, but we add an additional negative term in w k+4
Thus, we must restrict −1 ≤ c k+2 2 (s) + c k+2 4 (s) < 0 to ensure the stability of the scheme. We remark that under the construction of the coefficients c k+2 2 and c k+2 4 , we have the common factor of (s − t k+2 ) and (s − t k+2 + τ k+2 ), hence c k+2 2 (s) + c k+2 4 (s) = 0 where s = t k+2 and s = t k+2 − τ k+2 = t k+1 . Since c k+2 2 , c k+2 4 < 0 for s ∈ (t k+1 , t k+2 ), then we may apply the extreme value theorem again to assert that c k+2 2 (s) + c k+2 4 (s) attains a minimum value on [t k+1 , t k+2 ]. Hence by utilizing Mathematica's solution software, the minimum of c k+2 2 (s) + c k+2 4 (s) is attained at s ≈ t k+2 − 0.416τ k+2 , with a minimum value of c k+2 2 (t k+2 − 0.416τ k+2 ) + c k+2 4 (t k+2 − 0.416τ k+2 ) ≈ −0.603912 ≥ −1, hence, the scheme satisfies the condition and is therefore stable.
We will now show that the above condition no longer holds for schemes of order γ = 6. By repeating the same argument for when γ = 6, we havẽ equations with such an integral term, namely by using fixed-point theory. With the consistency and stability results, we are now ready to present the convergence analysis.
3.2. Numerical Convergence. We now consider an arbitrary stable scheme of the form (25) up to order γ where α ≤ γ ≤ 5. We present the convergence results for the usual Taylor series expansion first, followed by the fractional Taylor series expansion results. 
Proof. We fix γ ≥ 1 such that for some
where
For the fractional order regularity assumption, we the following convergence rate results. (53)
Proof. By fixing γ = n + α where γ ∈ (0, 5) − {1, 2, 3, 4} and 0 < α < 1 , we have for some
where again
The estimates provided above suggest that the O(τ n+1 ) term is not attainable directly from the fractional Taylor series expansion. We present an example demonstrating that the kernel K improves this estimate accordingly.
Example 3.8. Let K(t) = t α−1 for 0 < α < 1 and consider an order α approximation to f (s) defined . Then, we define:
which is attained under a uniform mesh size τ k = τ . However, if 2α > 1, we would directly contradict the usual Taylor series expansion, therefore we obtain the secondary estimate of Cτ , since then it is the maximum of that and Cτ 2α .
3.3. Implementation. Based on the convergence results, we now present a discretization that uses the scheme (25). Consider the Volterra equation of the second kind
which is to be discretized. By applying (25), we then are numerically solving for u(t n ) at each t n in a uniform mesh where t n ∈ [0, T ]. That is, we wish to solve
To solve for each u(t n ) then, after omitting the O(ǫ) term and by combining the u(t n ) terms, we can rewrite the equation as
which is invertible provided thatw γ n = 1. Our numerical examples will preserve this condition by selecting various values of the parameter α, which is often associated with the order of fractional derivative or integral.
Numerical Examples
We present three main numerical examples that illustrate our findings: one equation has a kernel that is not weakly singular, another equation has a kernel that is weakly singular, and the last one has a weakly singular kernel function with minimal regularity of the solution. Our first example is a Volterra equation of the second kind with kernel
with the exact solution u(t) = t 3 . We remark that the choice of kernel makes the integral a conformal integral equation as presented in section 1. We define N to be the number of uniform partitions of the time domain, E 1,∞ (N) to be the maximum error attained over the total mesh for the first example, and rate 1 = log 2 E 1,∞ (N/2) E 1,∞ (N) . For this first example, we will take α = 0.05, 0.25, 0.5, 0.75, 0.95. Therefore, when T = 1, the numerical results for a mesh size up to N = 160 are as follows for the third order accurate scheme: 
which has the exact solution u(t) = t 6 . This integral equation has an integral term of the form (1), and is studied in [2] as a part of a partial differential equation with a fractional integral term. For this second example, we will take α = 0.1, 0.4, 0.5, 0.7, 0.9 to ensure that the invertible criterionw γ n = 1. By using similar definitions for this second example, we have the following results by using the third order accurate scheme: 3.9802 We remark that while the selection of α is to preserve the invertibility condition, when we have α = 0.25, we have spurious and large blowup for small values of N, but as N → ∞, we still exhibit the appropriate order of convergence, and hence still preserve the stability condition. For example, using the fourth order scheme for the second example, with α = 0.25, we have the following rate of convergence for up to N = 5120:
Numerical rate for u(t) = t 6 3.945 Our third example is the Volterra equation of the second kind that is motivated by the findings in [16] and [2] . This particular equation is obtained by applying the Laplace transform to equation (1.2) of [16] to obtain:
u(x, 0) = φ(x), u| ∂Ω = 0,
on the interval x ∈ [0, 1], t ∈ [0, 1], which has the initial condition φ(x) = 0 and the exact solution u(x, t) = sin(πx)t α . We apply a fixed fourth order Laplacian operator in space as in [16] and the α order scheme presented in Section 3 to analyze the problem. We now define E α,∞ (N) and rate α analogously to the previous examples. By fixing M = 25 space steps and consider α = 0.05, 0.25, 0.5, 0.75, 0.75, 0.95, we have the following numerical results: 0.0030 0.9953 Of particular interest is the cases where α ≥ 1/2, which validate the findings in Example 3.8. If we instead consider our exact solution to be u(x, t) = sin(πx)t 1−α and apply the same α order in time scheme, we exhibit an even better convergence for the smaller values of α than predicted:
Numerical Error for u(x, t) = sin(πx)t 1 
